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New Method for Designing Shock-Free Transonic Configurations

H. Sobieczky,* N. J. Yu,T K-Y. Fung,{ and A. R. Seebass§
University of Arizona, Tucson, Ariz.

A new method for the design of shock-free supercritical airfoils, wings, and three-dimensional configurations
is described. Results illustrating this procedure in two and three dimensions are given. They include
modifications to part of the upper surface of an NACA 64A410 airfoil that will maintain shock-free flow over a
range of Mach numbers for a fixed lift coefficient, and the modifications required on part of the upper surface
of a swept wing with an NACA 64A410 root section to achieve shock-free flow. While the results are given for
inviscid flow, the same procedures can be employed iteratively with a boundary-layer calculation in order to
achieve shock-free viscous designs. With a shock-free pressure field, the beundary-layer calculation will be
reliable and not complicated by the difficulties of shock wave, boundary-layer interaction.

Introduction

ELL-KNOWN requirements for increased efficiency

and, in the case of commercial aircraft, productivity
have forced the operating conditions of compressors, tur-
bines, propellers, wing sections, and aircraft into the tran-
sonic regime. Unfortunately, once local regions of supersonic
flow occur, shock waves are likely with the attendant wave
drag and boundary-layer separation losses. In the mid 1950s,
Morawetz! proved that shock-free, two-dimensional,
irrotational, near-sonic flows are mathematically isolated. In
other words, any arbitraryq changes in the flow or boundary
conditions that provide a shock-free flow will lead to the
formation of a shock wave. Thus, Morawetz’s theorem stated
that the shock-free inviscid flow solutions, if and when they
existed, were isolated by neighboring solutions that contain
shock waves. Recently, this result has been extended to three
dimensions by Cook.? Fortunately, it was recognized that
such flow would have practical significance if, as seemed
likely, the shock waves that occurred in neighboring flows
were very weak. Wind tunnel research by Whitcomb? at the
NASA Langley Research Center and Pearcey* at the National
Physical Laboratory, United Kingdom, led to the develop-
ment of practical ‘‘shock-free’’ airfoil sections. Subsequent
analytical studies by Garabedian and Korn,® Nieuwland,®
Boerstoel,” and Sobieczky® established theoretical design
procedures for two-dimensional inviscid flows. More
recently, the development of sophisticated numerical codes
for the analysis of transonic flowfields has led to the design of
both airfoils and wings by numerical optimization.®!® The
practical success of the preceding efforts, as documented by
the recent NASA Conference on Advanced Technology
Research,!! has been substantial. Further progress, as
reported here, seems likely. The senior author recognized that
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$One of the consequences of our research is that, in two dimen-
sions, for any smali change in the flow Mach number, there are an
infinity of small changes in the airfoil shape that will insure that the
flow remains shock free.

the procedure he was using in the hodograph plane implied an
analogous procedure in the physical plane, and furthermore,
that this procedure did not seem to be restricted to two-
dimensional flows. %13 This paper reports the success to date
in using this idea to provide shock-free designs in two and
three dimensions.

The design procedure invoked here is, in principle, a simple
one. While there is no guarantee that a shock-free flow will
necessarily result from the procedure, our experience in two
dimensions has been that if the hodograph method will work
for specified flow and airfoil parameters, then the procedure
outlined here will work too. Also, it provides neighboring
shock-free airfoil shapes for fixed lift coefficient with varying
Mach numbers and varying lift coefficient for fixed Mach
numbers, as well as providing a multiplicity of closely related
shapes that are shock free at fixed lift coefficient and Mach
number. This wealth of shock-free, two-dimensional designs
is no great surprise; therefore, it is not surprising that they
are found with minimal computational effort. Two-
dimensional inviscid flow potential airfoil designs require less
than a minute of CYBER 175 CPU time and only a few
seconds of CDC 7600 CPU time.

For three-dimensional flows our results are less extensive.
Also, while it is clear that the procedure we use rests on a
sound mathematical foundation in two dimensions, this is not
the case in three dimensions. Indeed, for three-dimensional
(that is, nonplanar and nonaxisymmetric) flows we solve an
ill-posed boundary value problem.** That this problem can
be solved successfully is a result of the practical requirement
for specifying chordwise modifications more densely than
spanwise ones.

We have demonstrated the ability to modify three-
dimensional wings so that, within the context of the numerical
algorithm used, shock-free flows are obtained. We have not
yet demonstrated an analogous wealth of shock-free flows in
the three-dimensional case, but see no reason to believe that
this situation is different there. The practical consequences of
this wealth should prove to be of interest to the aircraft in-
dustry. ' Its success will depend on the designer being able to
choose baseline configurations that will result in good off-
design performance and not compromise nonaerodynamic
requirements.

Design Procedure
The procedure we use to find shock-free designs assumes
that a reliable numerical code is available for computing the
flow past a given configuration, such as that sketched in Fig.

**The authors are indebted to A. Jameson of the Courant Institute
for alerting them to this difficulty.
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Fig. 1 Sketch of shock-free flow past a lifting wing depicting the
sonic surface obtained by introducing fictitious behavior inside this
surface that results in elliptic equations.

1. Such codes are available for two- and three-dimensional
inviscid flows. When they are coupled with a reliable
boundary-layer code, the design procedure outlined here can
be used to calculate shock-free viscous flow designs. While
this ‘would require some modest iteration, it is certainly
possible both in practice and in principle. With the existence
of a reliable analysis algorithm presumed we modify this
algorithm so that once the flow become hyperbolic we alter
the basic equations so that they revert to elliptic behavior.
This may be done in a number of ways, but it should be done
in a way that it conserves new, but fictitious, ‘““mass’’ and
“momentum’’ fluxes to a satisfactory degree of accuracy. We
may, for example, change the density’s dependence from the
usual one to one that returns the equations to elliptic form.
We might suppose, for the purpose of illustration, that once
the equations become parabolic (i.e., sonic) on some surface,
then at higher velocities the density will be maintained at its
sonic value, giving elliptic equations. We use a numerical
algorithm to compute this fictitious flow past a configuration
of interest, chosen perhaps on the basis of previous design
experience. Because the equations are elliptic, this will result
in a discretized, pseudoanalytic description of the velocity,
density, and pressure fields on the embedded parabolic
surfaces, and this description will be consistent with the
correct governing equations. These initial data on the
parabolic surfaces are then used to calculate the correct
flowfield inside such surfaces. This new flowfield may or may
not contain shock waves. This depends on the choice of the
fictitious equations, or perhaps better, fictitious gas, used
inside the parabolic surfaces. This new flow will define a
stream surface that is tangent to, and has the same curvature
as, the stream surface at the intersection of the sonic surface
and the original body. Inside this surface a new body shape is
defined by the stream surface of the new, but now real, flow.
Here, of course, we must also address the question of well-
posedness. In two dimensions there is no difficulty because
either of the spatial coordinates may be designated as the time-
like variable. This is not the case in three dimensions where
only the spatial coordinate aligned with the flow is time-like.
Because shock-free flows are reversible, the domains of
dependence and influence may be interchanged. But neither
the normal (nor the binormal) to the stream direction can be
considered time-like in the three-dimensional initial-value
problem. Thus, data are given on surfaces that are not in the
usual domain of dependence and the problem is ill-posed. It is
this fact that has made us stress that a reliable analysis
algorithm should be the basis for the design computations. An
analysis of three-dimensional model problems shows that only
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variations in the spanwise direction that are on scale, that is,
small compared to the nominal axial (flow direction) distance,
will amplify; thus, the success of the numerical algorithm
depends upon not introducing such disturbances. This is not
the first time ill-posed problems have been solved to obtain
results of engineering interest (see, for example, Ref. 15, pp.
448-472).

Fictitious Gas

As just mentioned, modifications are made to the basic
equations to retain their elliptic behavior once the flow has
accelerated to sonic speed and a parabolic surface, with the
needed initial data, has been generated. The possible
modifications are manifold. Our discussion is limited to those
used to obtain the results reported here.

For two-dimensional flows we have used Jameson’s!6:!7
circle-plane algorithm for the full potential equation. Thus, in
the analysis mode, we are solving

{od, ), +1lpd.}.=0 (1a)
with

-7 -
plpn=[1+ 1ML (U—p2-00) | (1b)

where ¢ is the velocity potential and p the density. If we limit
our consideration to fictitious gases for which the density is a
function of the square of the velocity, viz., p=p(g?), where
q?=U?[¢2+¢?], then gas laws of the form

olp,=(a,/q)% P<l for g>a, (1¢)

will insure elliptic behavior; P=1 gives parabolic behavior
and the fictitious and real gases have the same value of
(dp/dqg),.. An alternative choice, and the one used most
extensively here, is P=0; in this case, Eq. (1a) becomes
Laplace’s equation. When the flow would normally be
hyperbolic, Eq. (1a) is now solved with the density-velocity
relationship of Eq. (Ic). A fictitious mass flow, which
matches the real mass flux at the sonic surface, is thereby
conserved and the velocity field remains irrotational.

For three-dimensional flows we have used the Balthaus-
Bailey-Frick algorithm,'® as implemented by Mason et al.'?
This is a small perturbation calculation, and the classical
conservative formulation is adopted here. Thus, in an
equivalent form, we solve the system

- (y+D{u?}, +v, +w =0 (a)
v~ w,=0 (2b)
u,—w,=0 (2¢)

where the velocity vector is g=a, [(1 + u) i+ vj+ wk].

A simple modification, Eq. (2), is to replace {u?}, by —
sgn(u) {u?}, for all u. This system is elliptic, except on the
sonic surface where u=0. We may think of the first of Egs.
(2) as being the consequence of the small perturbation ex-
pansion for the density, viz.,

-1
Lo y=—u-t
I 2

u? &)

whereas the fictitious equation, with u replaced by — lul for
u>0, results from

+3
i—l:—u+7——
N

u? “

This fictitious gas has the same value for (dp/du), as the real
gas, Eq. (3). For three-dimensional design studies, then, we
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solve Egs. (2) with {u?}, replaced by —sgn(u){u?},; this
corresponds to using the densities given by Eqs. (3) and (4) for
u<0and u >0, respectively.

Calculation of the Hyperbolic Flowfield

As previously described, we calculate the flow past a body
using the correct equations when the flow is subsonic and a
modified, incorrect, set of equations when the flow is
supersonic. This calculation serves to define sonic surfaces on
which the flowfield calculation is switched from the correct
equations to the modified ones. Outside this surface,
presuming the trailing edge of the wing is subsonic, the
solution satisfies the correct equations, and the potential at
infinity has the correct value for the circulation. If infinity in
the physical plane is not mapped to a finite part of the
computational plane, then there is, in principle, a need to
correct the doublet and nonlinear contributions; in practice,
these contributions are small and changes in them negligible.
Thus, the flow in the elliptic, subsonic domains is fixed and
known, as are the initial data we need on the parabolic sur-
face.

For two-dimensjonal flows, the calculation of the correct
hyperbolic behavior is carried out using the method of
characteristics. This is done in a hodograph-like working
plane in which the characteristics are orthogonal straight
lines. If we take £¢=6+» and yn=0—v, where 0 is the flow
deflection angle and » the Prandtl-Meyer turning angle, then
the velocity potential and stream function satisfy

or, equivalently,

dy

=+K-!
do *

£,p=const

where the + signs refer to £,9 =const, respectively. Here
K(») =Kp(q)]={IM?(q) =11} "p(0)/p(q)

Values for the velocity potential on the parabolic line,
z=2z*(x), and the shape of this line are used along with the
usual relations between the spatial coordinates and ¢ and ¥ to
find ¥ on the sonic line. These initial data are then integrated
using Eqgs. (5) to determine the locus ¥ (x,z) =0 which passes
through the intersection of the sonic line with the body sur-

Fig. 2 Sketch of two neighboring isotach surfaces used in the
calculation of the supersonic domain for Eqgs. (2).

AIAA JOURNAL

face. The values of z for which ¥ (x,z) =0 determine the new
body shape. This shape will have the same slope and, at least
theoretically, the same curvature, as the original body at the
soni¢c points. This follows from the observation that flow
quantities are not changed at the sonic line; thus, the
streamwise momentum and normal pressure gradient are
unchanged. Consequently, the local flow curvature must be
the same.

For three-dimensional flows, the calculation of the
hyperbolic flowfield is carried out by a procedure that
marches inward from the sonic surface by successive surfaces
of constant density (isopycnics) for the full potential
equation, or constant axial flow speed u for the small per-
turbation equation. We limit our discussion to the small
perturbation equations, as all the results reported here are
derived from them. Preliminary results using the full potential
equations have been obtained by N. J. Yu.

We may either write Egs. (2) in the appropriately scaled
form or work with them directly as we will do here.

We are given an isotach surface z* (x,»), as shown in Fig. 2,
on which we know w=u*=const, w=w*(x,y), and
v=v*(x,»). We use the data on this surface, and the surface
shape, to calculate

* * * * * *
2 . owhowh vl ol 6)

Because these data satisfy Eqs. (2), we can verify that
vy=ziwy—z;wy

which can be used, if needed, to check the consistency of the
initial data. The values given in Eq. (6) can now be used to
calculate the z derivatives of u, w, v on z*(x,y), where
u(x,y,2*)=const, by using

u, =[zyvy—zivy —wil/J (7a)
w,=[(y+ Durziwi—zywi+vil/J (7b)
v, =lly+ Durzivi—wy—zvil/J (7¢)

where J, the Jacobian, d(u,v,w)/3(x.y,2), is:
J=(y+ Nz —z2~1

When the Jacobian, which is initially negative, vanishes, we
can no longer compute the z derivatives; this corresponds to
the subsequent formation of multivalued solutions, i.e., limit
surfaces. If J=0 occurs before the calculations produce a
suitable stream surface defined by w(x,»,0), v(x,»,0), then
they must be rejected.

With Eq. (7a) inverted to give (dz/du),, we take a set in-
crement in u, Au, to form a new isotach surface
Z*(x,y) +Az*(x,y). This new shape, along with the mean
value of u between the two surfaces and the second and third
of Egs. (7), provides the new values, w* (x,y) +Aw* (x,)),
v*(x,y) +Av*(x,y), of w* and v* on the next isotach. These
values and the shape of the subsequent isotach are then
converted to continuous functions by one-dimensional cubic
splines in the x and y coordinates. This ‘‘onion-peel’’-like
process is then continued until z=0, unless a limit surface
intervenes. In the latter event, the solution must be rejected. A
more detailed discussion of this procedure is given in Ref. 20.

Two-Dimensional Results

We have explored rather extensively some of the
modifications that can be made to an existing airfoil, namely,
an NACA 64A410 airfoil, to obtain shock-free flow. We will
call this the baseline airfoil; the airfoil shapes we generate are
identical with this airfoil over that portion wetted by subsonic
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Fig. 3 Comparison of the pressure coefficients and sonic lines for the
baseline NACA 64A410 and the shock-free airfoil obtained from it by
the direct design procedure.
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Fig. 4 Parameter space explored for the shock-free airfoils that can
be obtained when the baseline configuration is an NACA 64A410
airfoil.

flow; we need only modify the airfoil over a limited portion of
its upper surface to obtain shock-free flows. Further, this
modification is not unique for fixed flight conditions; rather,
if one such shape exists, there usually will be a family of
modifications of the baseline airfoil that will produce shock-
free flow corresponding to different gas laws. Modifications
to NACA 0012 and 64A410 airfoils that resulted in shock-free
flows were reported by Eberle in Ref. 21.

With a baseline airfoil selected here mainly for illustrative
purposes, we then pick a set of flight conditions for which we
wish to find a modification of the airfoil shape that will result
in shock-free flow. We choose M_ =0.72 and the angle of
attack «=0.4 deg. At these conditions inviscid flow
calculations for the NACA 64A410 baseline airfoil give a C;
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Fig. 5 Comparison of the pressure coefficient and the sonic line
obtained by the design calculation that modifies the airfoil shape with
those obtained by computing the flow past the modified airfoil.

of 0.78 and a Cj, of 0.0064. The design procedure discussed
carlier results in an airfoil that is 9.3% thick with a lift
coefficient of 0.703. The original and design pressure coef-
ficient, sonic lines and body shapes are compared in Fig. 3a;
these results and all other ‘‘analysis’’ results were computed
using the numerical algorithm of Ref. 16. Figure 3b compares
the pressure coefficients and sonic lines determined by the
design procedure with those computed for the design airfoil
shape.

With this shock-free design established at M=0.72 and
with C, =0.70, we now wish to determine the families of
shapes that provide shock-free flow for a fixed lift coefficient
as the Mach number varies, and a fixed Mach number as the
lift coefficient varies. This has been done with P=0; that is,
with a constant density fictitious gas (at the critical value),
requiring an iterative procedure for the case at fixed lift
coefficient. Other shapes were then explored that will produce
the same lift coefficient, 0.70, at a fixed Mach number by
taking P to be —0.5, 0.5, and 1.0. Also, for P=0 we have
determined the maximum Mach number for which the design
procedure will produce a shock-free airfoil as a function of
lift coefficient. This Mach number is nearly a linear function
of lift coefficient at larger lift coefficients. The slope of this
variation is consistent with that given by Boerstoel.2?
Preliminary studies also indicate that for a fixed lift coef-
ficient of 0.6-0.7, an 0.1% increase in the maximum Mach
number requires about an 0.2% reduction in the thickness for
shock-free flow when the nominal thickness is about 10%.
This result is less optimistic .than the envelope of the
hodograph designs given by Boerstoel, 22 who found that only
an 0.1% reduction was required. In our study the generic
family of the airfoil is invariant; we have not yet examined the
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Fig. 6 Shock-free airfoil shapes for fixed lift coefficient C; =0.70
and varying Mach number. The {fictitious gas has a constant density in
the supersonic domain (P=0). The baseline airfoil is an NACA
64A410.
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Fig. 7 Shock-free airfoil shapes for fixed Mach number M_ =0.72
and varying lift coefficient. The fictitious gas has a constant density in
the supersonic domain (P=0). The baseline airfoil is an NACA
64A410.

modifications required when the baseline airfoil is near the
envelepe of hodograph designs. Positive values of P provide
less airfoil thickness reduction, since the fictitious and real-
gas densities are more nearly the same. The range of our
airfoil studies is depicted in Fig. 4, with shock-free airfoils
being determined for the points indicated. Also shown in Fig.
4 is the maximum Mach number for which a design was found
as a function of lift coefficient for P=0.

The accuracy of the design procedure was studied at a
number of design points by comparing the design’s pressure
distribution and sonic line shape with those obtained using the
unmodified numerical algorithm to analyze the design airfoil
shape. Typical results are shown in Fig. 5. The sonic line
shape and initial data on the sonic line are determined in the
circle-plane; then they are mapped back to the physical plane.
The method of characteristics in the hodograph variables is
used to compute the design pressure coefficient corresponding
to the calculated airfoil surface shape. The agreement, as
shown, is excellent. For designs that approach the Mach
number at which a limit line first penetrates the surface,
special care must be taken with the analysis code in order to
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Fig. 8 Shock-free airfoils for fixed Mach number M =0.72 and lift
coefficient C; =0.70, varying the exponent P of Eq. (1¢) and thus
changing the density’s dependence on flow speed. The baseline airfoil
isan NACA 64A410.

obtain a converged solution. These designs have very rapid
expansions immediately following the sonic line. Indeed, as
Boerstoel*? has noted, the analysis code used with an op-
timization scheme will not produce designs of this character.

The shock-free airfoil shapes that are obtained for fixed C;
and P, fixed M, and P, and fixed M, and C, at various Ps,
are shown in Figs. 6-8. One can overlay the results for fixed
C, and find quite similar airfoil shapes that are shock-free
over a range of Mach numbers. Because modifications to the
baseline airfoil are required only over a limited portion of the
upper surface, and a family of specified changes in the airfoil
curvature is known for each set of flight conditions, a closely
related family of shock-free airfoil shapes can be generated.
Thus, the minor modifications to a limited portion of a wing
surface needed to produce shock-free flow over a practical
range of flight conditions can be easily determincd.

Three-Dimensional Results

Our first design results using the method just described
were for two-dimensional, small perturbation flow past a
parabolic arc airfoil. Consequently, we initiated our three-
dimensional studies with a rectangular, unswept wing having
an aspect ratio of six and a parabolic arc airfoil. We utilized
the small perturbation approximation, Eqs. (2), and a
parabolic thickness distribution; the airfoil was taken to be
6% thick at the centerplane. The flow was calculated using the
algorithm of Ref. 19, modified to return the equations to
elliptic behavior as described earlier. The initial data on the
embedded sonic surface were then used to compute the correct
flow in the supersonic domain using the ‘‘onion-peel’’
algorithm of Ref. 20. This defines new wing surface slopes.
The flow past this shock-free design was then analyzed using
the modified numerical algorithm. Figure 9 compares the
pressure distributions on the original and design wing at
various lateral positions for M_ =0.87. Also shown are the
cross sections of the sonic surface at the same lateral stations.
The only essential differences in the pressure occur in the
supersonic domain, which is consistent with the design
process. The modifications made to the wing slope, shown in
Fig. 10 for several lateral stations, have eliminated the shock
wave.

A subsequent, more realistic, calculation was made for the
planform sketched in Fig. 11. The wing section chosen was an
NACA 64A410 profile at the center section and an elliptic
thickness distribution. The leading-edge sweep was taken to
be 30 deg, the trailing edge 15 deg, and the span-to-chord
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Fig. 9 Sonic surface for the shock-free rectangular )
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Fig. 10 Changes required in the surface slope at various lateral
stations to provide shock-free flow over the rectangular wing of
Fig. 9.

ratio was 5. The sonic surface is also depicted in Fig. 11.
Figure 12 compares the pressure coefficients on the upper
surface of the original wing and the wing designed to be shock
free. While the reduction in drag for this wing is small
compared to the induced drag, it is clear that the wing
modifications have essentially eliminated the shock waves,
and, consequently, the wave drag. More importantly, shock
wave induced boundary-layer separation is avoided. Im-
pressive results for the ONERA M6 planform have been
obtained by Yu 2 using the full potential equation.

At this point we stress that the preceding comparison is
obtained by computing the flow past the original wing and the
design wing using the same numerical algorithm. The process

that leads to the new wing shape also provides the pressure on
the wing.

Conclusion

A novel and simple procedure for determining
modifications that will make a baseline configuration shock-
free for supercritical flight conditions has been delineated.
For two-dimensional, inviscid flows, shock-free designs are
obtained in seconds on a CYBER 175. Families of airfoils that
are shock free at fixed, as well as varying, flight conditions
are found. The same procedure has been applied to three-
dimensional wings, resulting in wing modifications that make
the wings shock-free when the flow is analyzed with the
numerical algorithm that was modified to become a design
tool. It can also be applied to the design of shock-free
cascades. A unique feature of the procedure is that any code
that is effective in computing the flowfield may be modified in
various ways to be a design algorithm, if it is coupled with a
method for calculating the solution in the supersonic domains
for given data on the sonic surfaces. A straightforward
marching technique for such computations is described for
three-dimensional flows; in two dimensions, either the
marching procedure or the method of characteristics may be
used for the supersonic domain. The algorithm for the
supersonic domain serves to define the modifications needed
in the configuration to achieve shock-free flow; these
modifications will be limited to that portion of the design
shape that are wetted by supersonic flow.
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Sonic surface on the shock-free swept wing designed from a wing with an NACA 64A410 center section profile and an elliptic thickness

distribution. The leading edge sweep is 30 deg; the trailing edge sweep 15 deg.
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Comparison of the computed pressure coeffcient on the wing of Fig. 11 with an NACA 64A410 center section profile and an elliptic

thickness distribution, with the pressure coefficient obtained by computing the flow past the modified wing using the same numerical algorithm.
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